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Abstract. A weak entwining structure in a 2-category K, consists of a monad t 
and a comonad c, together with a 2-cell relating both structures in a way which 
generalizes a mixed distributive law. A weak entwining structure can be character- 
ized as a compatible pair of a monad and a comonad, in 2-categories generalizing 
the 2-category of comonads and the 2-category of monads in /C, respectively. This 
observation is used to define a 2-category Entw"'(/C) of weak entwining structures in 
/C. If the 2-category /C admits Eilenberg-Moore constructions for both monads and 
comonads and idempotent 2-cells in JC split, then there are pseudo-functors from 
Entw'"(/C) to the 2-category of monads and to the 2-category of comonads in JC, 
taking a weak entwining structure (f, c) to a 'weak lifting' of t for c and a 'weak 
lifting' of c for t, respectively. The Eilenbcrg-Moore objects of the lifted monad and 
the lifted comonad are shown to be equivalent. If IC is the 2-category of functors 
induced by bimodules, then these Eilenberg-Moore objects are isomorphic to the 
usual category of weak entwined modules. 



Introduction 

Mixed distributive laws [1] in a 2-category /C (or 'entwining structures', as they 
are called more often in the Hopf algebraic terminology), can be described in some 
equivalent ways [8]. They are monads in the 2-category Cmd(/C) of comonads in /C, 
equivalently, they are comonads in the 2-category Mnd(/C) of monads in /C. Con- 
sequently, they can be regarded as 0-cells of a 2-category Entw(/C), defined to be 
isomorphic to Mnd(Cmd(/C)) = Cmd(Mnd(/C)). 

If a 2-category /C admits Eilenberg-Moore constructions for monads, that is, the 
inclusion 2-functor / : /C — )■ Mnd(/C) possesses a right 2-adjoint J, then the 2-functor 
Cmd(J) takes a mixed distributive law of a monad t and a comonad c in /C to a 

comonad J{t) A J{t), which is a lifting of c, cf. [7]. Symmetrically, if /C ad- 
mits Eilenberg-Moore constructions for comonads, that is, the inclusion 2-functor 
/* : /C — )■ Cmd(/C) possesses a right 2-adjoint J*, then Mnd( J*) takes (t, c) to a monad 

</*(c) A J*(c), which is a lifting of t. If Eilenberg-Moore constructions in K, exist 
both for monads and comonads, then the 2-functors J*Cmd(J) and JMnd(J*) are 
2-naturally isomorphic. In particular, the lifted monad t and the lifted comonad c 
possess isomorphic Eilenberg-Moore objects, see [7]. In the case when /C is the 2- 
category CAT = [Categories ; Functors; Natural Transformations], this is the 
category of (t, c)-bimodules, also called 'entwined modules'. 

In order to treat algebra extensions by weak bialgebras in [3] , entwining structures 
were generalized to 'weak entwining structures' in |5]. A weak entwining structure in 
a 2-category /C also consists of a monad t and a comonad c, together with a 2-cell 
tc =^ ct, but the compatibility axioms with the unit of the monad and the counit 
of the comonad are weakened. We are not aware of any characterization of a weak 
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entwining structure as a monad or as a comonad in some 2-category. Instead, in this 
note we observe that a weak entwining structure in an arbitrary 2-category /C can be 
described as a compatible pair of a comonad in a 2-category Mnd^(/C), which extends 
Mnd(/C), and a monad in Cmd'^(/C) := Mnd^(/C*)* (where (— )* means the vertically 
opposite 2-category). This observation is used to define in Section [1] a 2-category 
Entw'"(/C), whose 0-cells are weak entwining structures in /C and whose 1-cells and 
2-cells are also compatible pairs of 1-cells and 2-cells, respectively, in Mnd(Cmd'^(/C)) 
and Cmd(Mnd''(/C)). By construction, the 2-category Entw"'(/C) comes equipped with 
2-functors A : Entw"'(/C) ^ Cmd(Mnd'(/C)) and B : Entw"'(/C) ^ Mnd(Cmd^(/C)). 

If a 2-category /C admits Eilenberg-Moore constructions for monads and idempo- 
tent 2-cells in /C split, then the 2-functor J above factorizes through the inclusion 
Mnd(/C) Mnd^(/C) and an appropriate pseudo-functor Q : Mnd''(/C) KL. The 
image of a weak entwining structure (t, c) under the pseudo-functor Cmd((5)A is a 
'weak lifting' of c for t, cf. [2]. Symmetrically, if fC admits Eilenberg-Moore construc- 
tions for comonads and idempotent 2-cells in K, split, then there is a pseudo-functor 
: Cmd''(/C) /C, such that Mnd((5*)-S takes a weak entwining structure (t, c) to 
a weak lifting of t for c. If Eilenberg-Moore constructions in fC exist both for mon- 
ads and comonads and also idempotent 2-cells in K, split, then we prove in Section |2] 
that the pseudo-functors J^Cm.d{Q)A and JMnd((5^,)i? : Entw"'(/C) K. are pseudo- 
naturally equivalent. In particular, for any weak entwining structure (t,c), the weak 
lifting of t for c, and the weak lifting of c for t, possess equivalent Eilenberg-Moore 
objects. 

As a motivating example, we can consider the 2-category K obtained as the image 
of the bicategory BIMfc = [Algebras ; Bimodules; Bimodule Maps] (over a commu- 
tative ring k) under the hom 2-functor BIMfc(A;, — ) : BIM^ CAT. A weak entwining 
structure {{—)®rT, {—)®rC) in this 2-category is given by a fc- algebra R, an i?-ring 
T, an i?-coring C and an i?-bimodule map C^rT^T^rC. In this case, we 
obtain that the Eilenberg-Moore category of the weakly lifted comonad (— ) ®r C (on 
the category Mt of T-modules) is isomorphic to the Eilenberg-Moore category of the 
weakly lifted monad (— ) ®r T (on the category M*^ of C-comodules), and it is iso- 
morphic also to Entw'"(/C)((Mfc, Mfe), ((— )®/jT, (— )(8)_rC)), known as the category of 
'weak entwined modules'. In particular, if i? is a trivial /c-algebra (i.e. R = k), we 
re-obtain [U Proposition 2.3]. 

Notations. We assume that the reader is familiar with the theory of 2-categories. 
For a review of the occurring notions (such as a 2-category, a 2-functor and a 2- 
adjunction, monads, adjunctions and Eilenberg-Moore construction in a 2-category) 
we refer to the article [6]. 

In a 2-category /C, horizontal composition is denoted by juxtaposition and vertical 
composition is denoted by *, 1-cells are represented by an arrow and 2-cells are 
represented by 

For any 2-category /C, Mnd(/C) denotes the 2-category of monads in /C as in [8] and 
Cmd(/C) := Mnd(/C*)* denotes the 2-category of comonads in /C, where (— )* refers to 
the vertical opposite of a 2-category. Throughout, we denote by / : /C ^ Mnd(/C) the 
inclusion 2-functor (with underlying maps k t-^ [k, k, k), V ^ {V, V), u i-^ u on the 
0-, 1-, and 2-cells, respectively). Its right 2-adjoint, if it exists, is denoted by J. The 
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inclusion 2-functor /C — >■ Cmd(/C) is denoted by and its right 2-adjoint, whenever 
it exists, is denoted by J*. 

If a 2-category /C admits Eilenberg-Moore constructions for monads (i.e. the 2- 

functor J exists), then any monad {k k,tt ^ t,k ^ t) in /C determines a canonical 

adjunction {k A- J{t), J{t) A- k, fv ^ Jit), k =^ vf) such that (t, /u, r]) = (vf, vef, r]), 
cf. [H Theorem 2]. Throughout, these notations are used for this canonical adjunction. 
For a monad {t', fj,', rj'), the canonical adjunction is denoted by (/', v', e', rj'), etc. 

We say that in a 2-category /C idempotent 2-cells split if, for any 2-cell V V in 
tC such that * O = G, there exist a 1-cell V and 2-cells V V and V ^ V ^ such 
that TV * i = V and l*tx = Q. 

1. The 2-category of weak entwining structures 

Consider a monad (k k,tt ^ t,k =k' t) and a comonad (A; k, c => cc, c => k) 

in a 2-category JC and a 2-cell tc =^ ct. The triple {t, c, -0) is termed a weaA; entwining 
structure provided that the following axioms in [5] hold. 



(1.1) Ip * = cjj, * Tpt * tip; 

(1.2) 6t * Ip = cip * tpc * td; 

(1.3) Tp * r]c = cet * cp * cqc * 6; 

(1.4) et * tp = jj, * tet * ttp * trjc. 



The most important difference between such a weak entwining structure and a usual 
entwining structure (i.e. mixed distributive law) is that in the weak case (c, 'p) is no 
longer a 1-cell t ^ t m Mnd(/C) and (i, "0) is not a 1-cell c — > c in Cmd(/C). Still, as 

it was observed in [2], (t ^ t, yu, ?]) is a monad and (c ^ c, 5, e) is a comonad in an 
extended 2-category of (co) monads in /C, recalled in the following theorem. 

Theorem 1.1 ([2], Corollary 1.4 and Theorem 3.5). For any 2-category JC, the fol- 
lowing data constitute a 2-category, to be denoted by Mnd'(/C). 

0- cells are monads [k A k, ji, rf) in K. 

1- cells {k k, fi, rj) [k' A> A;', /i', t]') are pairs, consisting of a 1-cell k k' 
and a 2-cell t'V =^ Vt in JC such that 

(1.5) y/x * * tV = * /iV. 

2- cells {V, ip) ^ [W, P) are 2-cells V ^ W in IC, satisfying 

(1.6) u]t*ip = WiJ.*pt*t'ujt*t'ij*t'r]'V. 

Horizontal and vertical compositions are the same as in JC. 

The 2-category Mnd^(/C) contains Mnd(/C) as a vertically full 2- subcategory. 

Moreover, if JC admits Eilenberg-Moore constructions for monads and idempotent 
2-cells in JC split, then the following maps determine a pseudo-functor Q : Mnd''(/C) — > 
JC. 

For a 0-cell (t, /i, 77), Q{t, /i, 77) := J(t, /i, rj). 
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For a 1-cell {t,fi,r]) ''^^ (t' , fx' , rj') , Q{V,iIj) is the unique 1-cell Q{t,^,rj) — >• 
Q{t\ yu', 7]') in K, for which 

(1.7) v'e'Q{V,il)) = *Vve* ijjv *t' L. 

For a 2-cell {V, -0) ^ (W, 0), Q{uj) is the unique 2-cell QiV., ip) =^ Q{W, (p) in 
K, for which 

(1.8) v'Q{u) = -K * ujv * i, 

where Vv ^ v'QiV, ip) => Vv denote a chosen splitting of the idempotent 2-cell 

(1.9) Vve * ifjv * rj'Vv : Vv =^ Vv, 
for any 1-cell (V^, 0) in Mnd^(/C). 

For 1-cells t ''^^ t' ^^-^^ t" in Mnd''(/C), the coherence natural iso 2-cell 
Q{{y' ,i)'){y,^lj)) 4 QiV' ,i)')Q{y,^l}) is the unique 2-cell 7 for that 

= [v"Q{{V\^'){V,^)) 4 V'Vv V'v'Q{V,ilj) '"'^^'^^ v"Q{V' ,ij')Q{V,^)) (so 
v"-f-^ = {v"Q{V\^lj')Q{V,^l)) '^^'^^ FVQ(y,0) V'Vv ^ v"Q{iV',^P')iV,i!)))). 
With the convention of choosing a trivial splitting Vv ^ Vv =^ Vv whenever f ll.9p is 

{k,t) 

an identity 2-cell, the image of any identity 1-cell t A t under Q becomes equal to the 
identity 1-cell Q{t). This convention also ensures that the composite pseudo-functor 

Mnd(/C) Mnd'^(/C) % IC is equal to J. The pseudo-natural isomorphism class of Q 
does not depend on the choice of the 2-cells n and l. 

For any 2-category /C, we put Cmd'^(/C) := Mnd''(/C^,)*. Applying Theorem 11.11 to 
the 2-category /C^,, we conclude that whenever /C admits Eilenberg-Moore construc- 
tions for comonads and idempotent 2-cells in JC split, J* extends to a pseudo-functor 
Q, : Cmd"(/C) ^ /C. 

After all these preparations, we are ready to construct a 2-category of weak entwin- 
ing structures in any 2-category IC. 

Theorem 1.2. For any 2-category JC, the following data constitute a 2-category, to 
be denoted by Entw"'(/C). 

0- cells are triples {{k k, jj, r]),(k A- k, 5, s),ip), consisting of a monad {k A 
/c, ;U, 77) , a comonad [k A k, 6, e) and a 2-cell to ^ ct in IC, such that 

. {t t, 5, e) is a comonad in Mnd''(/C) and 

• (c ^^-^ c,/i, 77) is a monad in Cmd'^(/C). 

1- cells {{kAk, n, r]),{kA k, 6, e),^;) ^^4'^^^ ((A;' A k', n' , r]'), {k' 4 k', 6', e'),f) 

are triples, consisting of a 1-cell k ^ k' and 2-cells t'W =^ Wt and Wc 4> c'W 
in JC, such that 

• {t t,6,e) ^^^^'^^ {f ^"'4'^ t',S',e') IS a 1-cell m Cmd(Mnd^(/C)) and 

• (c c,fi,r]) "^4^'"^ (c' ^''4'^ c',ij',ri') is a 1-cell m Mnd(Cmd"(/C)). 

2- cells {W, a, (3) 4 {W, a', (3') are 2-cells W ^ W m JC, such that 

• {{W,a),/3) ^ {{W',a'),(3') is a 2-cell m Cmd(Mnd'(/C)) and 

• ((W^,/3),a) ^ ((ly, /?'),«') IS a 2-cell m Mnd(Cmd"(/C)). 
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Horizontal and vertical compositions are the same as in K. 

Proof. In order to see that 0-cells in Entw"'(/C) are precisely the weak entwining 

structures, note that (11. ip expresses the requirement that t — t is a 1-cell in Mnd^(/C) 

and (II. 2p means that c ^ c is a 1-cell in Cmd'^(/C). Axiom (II. 3p means that (A;, c) 
{t,ip) is a 2-cell in Cmd^(/C) and (OD holds if and only if {c,ip) ^ {k,t) is a 2-cell 
in Mnd^(/C). If these four conditions hold, then also {t,il)){t,il)) ^ {t,Tp) is a 2-cell in 
Cmd"(/C). That is, 

cet * 0-0 * Cyuc * iptc * t'0c * tt5 cet * cip * ipc * ficc * ttS = cet * cip * ipc * t5 * fic 

cet *6t*tlj*fic = ilj* fic. 
Similarly, (ll.mi.4p imply that (0,-0) 4> (c, '0)(c, 0) is a 2-cell in Mnd^(/C), i.e. 

ccfi * cipt * ipct * t5t ^tijj* trjc ccjj * 5tt * ipt * tip * tr]c = 5t * cfi * ipt * ti/j * tr]c 

6t * Ip * fic* trjc = 6t * Ip. 

By Theorem [LH a triple {k ^ A;',tW ^ 4 cW) is a 1-cell ((fc 4 

k,fi,7]),{k 4 A;,5,£),V;) ^ ((/c' 4 k',fx',r]'),{k' 4 A;', 5', e'), in Entw'"(/C) if and 
only if the following equalities hold. 

(1.10) a* fi'W = Wfi* at*t'a; 

(1.11) a*r]'W = Wr]; 

(1.12) 6'W * f3 = c'/3 * f3c*W5; 

(1.13) £'iy*/3 = iye; 

(1.14) c'Wn * c'af * tp'Wt * t'(3t * t'Wip * t'Wr]c = (3t * Wtp * ac 

(1.15) c'VTei * c'VF^ * c'ac * V^'H^c * t'(3c * t'W6 = jSt* Wip * ac. 

The equality (ll.lOp is equivalent to saying that t t' is a 1-cell in Mnd''(/C) and 
(I1.12P is equivalent to c c' being a 1-cell in Cmd'^(/C). The equality (ll.lSp means 
(after being simplified using (ITT^ ) that (f, 0;')(^> /3) ^ (W",/3)(t,0) is a 2-cell in 
Cmd'^(/C) and (I1.14p means (after being simplified using (II. lip ) that {W,a){c,ip) 4- 
{c','ip'){W,a) is a 2-cell in Mnd'(/C). Conditions ffLTOjl and ( irTTjl mean that (c 
c,/i,77) "^4^'"^ (c' ^*4'^ c',//',r7') is a 2-cell in Mnd(Cmd"(/C)), while ^LWf and ffTTSjl 

express that (t ^'4^ t, 5, e) "^^''^^ (f ^'4'^ t', (5', e') is a 2-cell in Cmd(Mnd^(/C)). 
A 2-cell ly ^ ly' in /C is a 2-cell {W, a, (5) {W, a', P') in Entw"'(/C) if and only 

if 

(1.16) a' * t'u = ut * a 

(1.17) (3' *uc = c'u* /3. 

t C 

For any weak entwining structure ((A; k,ii,ri), [k — > A;,(5, e),'0) in /C, the triple 
{W = k, a = t, 13 = c) satisfies the equalities (I1.10tll.l5|) . Hence it is an (identity) 1-cell 
in Entw"'(/C). The sets of 1-cells and 2-cells in Cmd(Mnd'(/C)) and Mnd(Cmd^(/C)) 
are closed under the horizontal composition in JC by Theorem 11.11 Therefore the 
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horizontal composite of 1-cells and 2-cells in Entw'"(/C) is a 1-cell and a 2-cell in 
Entw"'(/C), respectively. 

For any 1-cell {W, a, /?) in Entw'"(/C), the identity 2-cell W ^WinK: satisfies ffTTG]) 
and f ll.l7p . Hence it is an (identity) 2-cell in Entw"'(/C). Since the sets of 2-cells in 
Cmd(Mnd'^(/C)) and Mnd(Cmd'^(/C)) are closed under the vertical composition in IC 
by Theorem II .1^ the vertical composite of 2-cells in Entw"'(/C) is a 2-cell in Entw"'(/C) 
again. 

Associativity and unitality of the horizontal and vertical compositions in Entw"'(/C) 
and the interchange law follow by the respective properties of JC. □ 

From Theorem II. 2[ we immediately deduce the existence of some 2-functors. 

Corollary 1.3. For any 2-category K, the following assertions hold. 

(1) There is a 2-functor "K : /C — > Entw"'(/C), determined by the maps k i— >• 
{I (k) , h{k) , k) , V — )■ (y,V,V) and u ^ u on the 0-, 1-, and 2-cells, re- 
spectively. 

(2) There is a 2-category isomorphism $ : Entw"'(/C) = Entw"'(/C*)*, deter- 
mined by the maps {t,c,ip) h> [c,t,ijj), {W,a,f3) i— )■ {W,(3,a) and u ^ u 
on the 0-, 1-, and 2-cells, respectively. In particular, for any weak entwin- 
ing structures {t^c.^p) and {t',c',ijj') in JC, there is a category isomorphism 

Entw"'(/C)((t,c,V),(t',c',V'')) = Entw"'(/C,)*((c,t,^),(c',t',V'')); which is 2- 
natural both in {t^c^'ip) and {t' , c' , ijj') . 

(3) There is a 2-functor A : Entw"'(/C) Cmd(Mnd''(/C)), determined by the maps 

{(t,n,r]), {c,6,e),'ip) {t t,6,e), {W,a,/3) i-)- {(W,a),f3) and u ^ uj on 
the 0-, 1-, and 2-cells, respectively. 

(4) There is a 2-functor B : Entw"'(/C) — )■ Mnd(Cmd'^(/C)), determined by the 

maps {{t, fi, r]), (c, 6, e), '0) i-^ (c c, /i, r]), {W, a, /3) ((VF, /?), a) and u i-)- 
u on the 0-, 1-, and 2-cells, respectively. 

In contrast to the case of usual entwining structures, there seems to be no reason 
to expect that the 2-functors A and B in Corollary 11.31 are isomorphisms. 

2. Equivalence of Eilenberg-Moore objects 

If a 2-category K. admits Eilenberg-Moore constructions for both monads and 
comonads and idempotent 2-cells in /C split, then by Theorem 11.11 and Corollary 
II. 3[ there are two pseudo-functors J^.Cnid{Q)A and JMnd((5*)i? : Entw"'(/C) JC. 
The aim of this section is to prove that both are right biadjoints of Y in Corollary 
11.3( 1). hence they are pseudo-naturally equivalent. Consequently, for any weak en- 

twining structure {t^c^ip) in /C, the monad Q*(c ^ c) and the comonad Q{t ^ t) 
in fC possess equivalent Eilenberg-Moore objects. 

Recall that any pseudo-functor Q : A B between 2-categories, induces a pseudo- 
functor Cmd((5) : Cmd(.A) — )■ Cmd(,B) with underlying maps as follows. A comonad 

[A y4, 5, e) in A is taken to the comonad Q{A) Q{A), with comultiplication 

g(c) Q(cc) 4 Q(c)Q(c) and counit Q(c) Q{Ia) 4 1q(a). A 1-cell {A 4 

e) 4 {A' — > ^',(5',£') in Cmd(^) is taken to a pair consisting of the 1-cell 
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Q{A) Q{A') and the 2-cell QiV)Q{c) ^ Q{Vc) Q{c'V) ^ Q{c')Q{V) in B. 
A 2-cell u in Cmd(^) is taken to Q{uj) . Cmd{Q) is a pseudo-functor with the same 
coherence isomorphisms as Q. 

Proposition 2.1. Consider a 2-category JC which admits Eilenberg- Moore construc- 
tions for monads and in which idempotent 2-cells split. Let I be a 0-cell and {{k A 
k,n,r]),(k k,6,e),^p) be weak entwining structure in K,. The following categories 
are isomorphic. 

(i) The Eilenberg-Moore category Cmd{)C) (1^(1), Cmd{Q){t t,6,e)) of the co- 
monad )C{1, Q{t t)) : /C(Z, Q{t)) IC{1, Q{t)); 

(ii) the category Entw'^{)C){Y{l),{t, 0,11;)). 

Moreover, these isomorphisms provide the 1-cell parts of a pseudo-natural isomor- 
phism Cmd(/C) (/,(-), Cmd(g)A(-)) = Entw"'(/C)(y(-), -). 

Proof. By (11. 10111.151) . the objects in the category Entw"'(/C)(y(/), (t, c, -0)) are triples 

{1% k,tW AW,W ^ cW), such that /(/) ^^'^ t is a 1-cell in Mnd(/C), ^^'^ c 
is a 1-cell in Cmd(/C) and 

(2.1) CQ * il)W * tn = K * Q. 

Morphisms [W, g, k) {W, g', k') in Entw"'(/C)(y(/), (t, c, V)) are 2-cells W^W in 
/C, such that {W, g) ^ {W, g') is a 2-cell in Mnd(/C) and {W, k) ^ {W, k') is a 2-cell 
in Cmd(/C). We prove that the stated isomorphism is given by 

Entw"'(/C)(y(/),(t,c,^)) ^ Cmd(/C)(/,(0,Cmd(g)((c,^/^),(5,£)), 

{W,g,K)^{W',g\K') ^ CmdiQ)iiW,g),K)'^-H^ Cmd{Q)i{W\g'),K'). 

If applying the convention of choosing trivial splittings of identity 2-cells, as described 
in Theorem ll.il then when restricted to the 2-subcategory Mnd(/C) of Mnd''(/C), Q is 
equal to J. Hence by [8], Theorem 2], there is a category isomorphism 

(2.2) /C(/,g(t)) ->Mnd(/C)(/(/),f), V^V ^ {vV,veV) ^ {vV ,veV'y, 

Mnd(/C)(/(/),t) ^/C(/,Q(t)), (W^, f?) 4 (W^', f?') ^ Q{W,g)'^^^ Q{W',g'). 

We claim that there is a bijection also between 2-cells {W, g) =^ (c, ^/')(VF, f?) in 

Mnd'(/C), and 2-cells g(l^, ^) 4 Q{c,ij)Q{W, g) in /C, for any 1-cell /(/) ^^'^ t in 

Mnd(/C). Indeed, for a 2-cell k as described, ^ := {Q{W, g) Q((c, 7A)(iy, ^)) 4 
Q(c, ?/))Q(VF, ^)) is a 2-cell in K, as needed. Conversely, for a 2-cell ^ as above, use 

the chosen splitting cv ^ vQ{c, tp) A cv of the idempotent 2-cell (II. 9p to construct a 
2-cell K := iQ{W, g) * : W ^ cW in JC. It satisfies 

K*g = lQ{W, g)*v^* veQiW, g) = lQ{W, g) * veQ{c, ij)QiW, g) * tv^ 

^ lQ{W, g) * ■kQ{W, g) * eg* tpW * tLQ{W, g) * tv^ = eg* ipW * tn, 

where the last equality follows by Lf * n f * = e^i * i/jt * rjct * ip ijj * fic* rjic = ip. 
Hence k is a 2-cell {W,g) ^ {e,ilj){W, g) in Mnd'(/C), as required. In order to see 
that this correspondence k ^ is a bijection, note that by (11.81] , vQ{LQ{W,g)) 
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is equal to the composite of vQ{c,'il))Q{W, g) ''^i^'^^ cW and the chosen epi 2-cell 
cW =^ vQ{{c,iIj){W, g)). That is, QitQiW, g)) is equal to the coherence iso 2-cell 

Q{c,iIj)Q{W, g) ^ Q{{c,iIj){W, g)). Hence starting with a 2-cell ^ and iterating both 
constructions, we re-obtain ^. In the opposite order, applying both constructions to 
K, by (11. 8p we get iQ(W, g) * 7rQ(W, g) * k. This is equal to k by 

(2.3) lQ{W, g) * 7rQ{W, g) * k = eg * i/jW * 7]cW k. 

Next we show that Q(W, g) Q{{c,'iIj)(W, g)) ^ Q{c,'iIj)Q(W, g) is a coassociative 
coaction if and only if =5> cW is coassociative, and it is counital if and only if k 
is counital. Compose the coassociativity condition Q{{c,iP)k) * Q{i^) = Q{S{W, g)) * 
Q{k) horizontally by v on the left and compose it vertically by the chosen mono 2- 
cell vQ{{c,il)){c,^){W,g)) A ccW on the left. Applying ([L8]), and (Q, the 

resulting equivalent condition can be written in the form ck* n = ccg * cifjW * ipcW * 
r}ccW * 5W * K. Since 

ccg * cipW * ipcW * r]ccW * 6W * k 6W * eg * ipW * r]cW * k SW * k, 

this proves that the coaction on Q(W, g) is coassociative if and only if k is so. 
By (D, ([EH]) and (Q, the counitality condition Q{£{W, g)) * Q{k) = Q{W, g) 
is equivalent to eW * k = W. Thus there is a bijection between the objects of 
Cmd(/C)(/,(/),Cmd(Q)((c,V),5,£)) and the objects of Entw"" {IC)(Y{1), {t, c^i/j)), as 
stated. 

One can see by similar steps that, for a 2-cell (W, g) ^ {W\ g') in Mnd(/C), Q{ijj) is 
a morphism Q{W,g) QiW' , g') in Cmd(/C)(J,(/), Cmd(Q)((c, ^), 5, e)) if and only 
ii n' * u = eg' * ipW * rjcW * cu * k. Since 

eg' * TpW' * rjeW' * eu * k, = eg' * etcu * iJjW *tK* rjW = cuj*eg* ipW *tK,* r]W eu * k, 

we conclude that Q{u) is a morphism of /C(/, (5(c, '?/'))-coalgebras as needed, if and 
only if a; is a 1-cell /*(/) ^ c in Cmd(/C), i.e. oj is a morphism (W, g, k) iW' , g', k') 
in Entw"'(/C)(y(/), (t,c, ■!/;)). In view of the isomorphism (12. 2p . this proves the stated 
isomorphism Cmd(/C) (/, (/) , Cmd(g) ( (c, ^^) , (5, e) ) ^ Entw'" (/C) {Y{1) , {t, e,^)). 
There is a pseudo-natural transformation 

(2.4) Entw'^(F(-), -) ^ Cmd(/C)(Cmd(g)Ay(-), Cmd(g)A(-)), 

with 1-cell parts the functors induced by the pseudo-functor Cmd{Q)A and 2-cell 
parts provided by its pseudo-naturality isomorphisms. Recall that AY differs from 
Cmd(/)/* by the inclusion 2-functor Cmd(Mnd(/C)) <^ Cmd(Mnd'^(/C)). Since apply- 
ing Q : Mnd'(/C) K after /C 4 Mnd(/C) Mnd'(/C) we obtain the identity functor 
J I = /C, it follows that Cmd{Q)AY{—) = as pseudo-functors. Thus (12. 4p is, in fact, 
a pseudo-natural transformation Entw"'(y(— ), — ) ^ Cmd(/C)(/*(— ), Cmd{Q)A{—)). 
Since we already proved that its 1-cells are isomorphisms, it is a pseudo-natural iso- 
morphism, as stated. □ 



Theorem 2.2. Let )C be a 2-category which admits Eilenherg-Moore constructions 
for both monads and comonads and in which idempotent 2-cells split. The following 
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diagram of pseudo-functors is commutative, up to a pseudo- natural equivalence. 
Entw"'(/C) Cmd(Mnd'(/C)) 

Cmd(Q) 

B Cmd(/C) 



Mnd(Cmd"(/C)) ^ Mnd(/C) /C 



In particular, for any weak entwining structure {t, c, ip) in K., the monad Mnd((5*)(c ^ 

c, /i, 77) anc? i/ie comonad Cmd((5)(f t, 5, e) m K. possess equivalent Eilenherg- Moore 
objects. 

Proof. The proof consists of showing that both J^,Gm.d{Q)A and JMnd((5*)B are 
right biadjoints of the 2-functor Y in Corollary 11.3( 1). Then the claim follows by 
uniqueness of a biadjoint up to a pseudo-natural equivalence. 

On one hand, there is a sequence of pseudo-natural isomorphisms 

/C(-, J,Cmd(g)A(-)) = Cmd(/C)(/,(-), Cmd(g)A(-)) = Entw'"(/C)(F(-), -), 

where the second isomorphism follows by Proposition 12. 1[ 

On the other hand, applying Proposition 12 . 1 1 to the 2-category /C* (in the third step) 
and using Corollary 11.3( 2) (in the last step), we obtain a sequence of pseudo-natural 
isomorphisms 

/C(-, JMnd(Q,)S(-)) ^ Mnd(/C)(/(-),Mnd(Q,)5(-)) 

= Cmd(/C,),(/(-),Mnd(Q,)5(-)) 
^ Entw"'(/C,),($y(-), $(-)) ^ Entw'"(/C)(r(-), -). 

□ 

Example 2.3. Consider the 2-subcategory K, of CAT, whose 1-cells are functors 
induced by bimodules. Explicitly, 0-cells be module categories Mr for algebras R 
over a fixed commutative ring k. The 1-cells M^ — > M^i be R-R' bimodules V , 
i.e. functors {-)®rV : M/j -)■ Mr:. The 2-cells F ^ be bimodule maps 

u -.V ^ W, i.e. natural transformations {—)®rV =^'^ {—)®rW. 

A weak entwining structure in K, is then a triple [t := (— )(8)ijT, c := {—)®rC, ip := 

(~)®ij^); where i? is a /c-algebra, T is an i?-ring (i.e. a monad R ^ R in BIM^), 
C is an i?-coring (i.e. a comonad i? — )■ i? in BIMfc), and \i/ : C®rT T^rC is an 
i?-bimodule map such that the equalities fll.mi.4p hold true. 

In this particular 2-category /C, the idempotent 2-cell ( 11. 9p is given by an idempotent 
map. Taking its obvious splitting through its range, the associated pseudo-functor 
Q : Mnd'(/C) ^ /C in Theorem 11.11 becomes a 2-functor. Hence the isomorphisms in 
Proposition 12. II become 2-natural, so that the equivalent Eilenberg-Moore objects in 
Theorem 12.21 become isomorphic. 

Under the minor restriction that R = k, the monad Mnd{Qt)B{{—)iS)RT, {—)®rC, 
(-)®^^) and the comonad Cmd{Q)A{{-)i®RT, (-)®rC, (-)®/j^) were described 
in Section 2]. It was shown in [H Proposition 2.3] that their Eilenberg-Moore 
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categories are isomorphic to the category of so-called weak entwining structures. Using 
the constructions in the current paper, this category of weak entwining structures is 
nothing but Entw"'(/C)(y(fc), {{-)^rT, {-)0rC, 
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